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Abstract 
A multi-plate model based on Ritz method and penalty function technique is developed to model complex wing 
configurations formed by wing segments in different planes. Each wing segment is modeled as a plate element basing 
on the first-order shear deformation plate theory. The penalty function technique is used to impose displacement 
compatibility along sides of adjacent plate elements. The stiffness and mass matrix of the whole configuration are 
assembled using the equality of total stain energy and kinetic energy. The natural frequencies and the modes are 
obtained by solving an eigenvalue problem. As a test, a flying wing configuration is modeled using two plates and its 
structural dynamics and flutter results are compared with finite element model. Good agreement is obtained but the 
multi-plate model is more efficient. The multi-plate modeling method provides an efficient tool for quickly modeling of 
complex wing configuration. 
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Nomenclature 
u , v , w   displacements of any point in x , y , and z direction, respectively 
0u , 0v , 0w  displacements of points on the middle plane in x , y , and z direction, respectively 
xI , yI    rotations about the y and x axis, respectively 
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x , y , z   coordinate system 
a , q   Ritz base function and generalized displacement 
t   time 
1K , 2K , 1M , 2M  stiffness and mass matrices of plate 1and 2 in Ritz base function space 
BCK   stiffness matrix for springs simulating the boundary conditions at the root 
1Q , 2Q   generalized displacement in the local coordinate 1 and 2, respectively 
JTU ˈ JTK  strain energy relating to joints between plates and matrix  relating to spring stiffness 
value 
1k , 2k , 3k , 4k , 5k  stiffness of linear and rotational springs imposing displacement compatibility between 
plates 
KˈM  total stiffness and mass matrices in the Ritz base function space 
Z , x   frequency in radian/second and eigenvector 
Mˈ K , A  stiffness, mass and generalized unsteady aerodynamic force matrices in mode space 
U ,V   atmosphere density and flight speed 
fV , fZ   flutter speed and frequency 
1. Introduction 
Flutter is an unstable self-excited vibration in which the structure extracts energy from the air stream and 
often results in catastrophic structural failure[1]. Wings are the main parts producing lifts and control forces, 
so their flutter characteristics should be considered first in aircraft design. 
Structure dynamics information is the base of flutter analysis. Finite element models (FEM) are always 
adopted in dynamics analysis of wings, which includes the µbeam-like¶ and µbox-like¶ models. FEM is a 
discretization model in essence and it can model precisely details of any object, which is propitious to 
aeroelasticity analysis in the later design stage of the aircraft. However, a wide application of detailed FEM 
at the late concept design stage or in the early preliminary design stage still faces some major obstacles. 
The preparation time and the computation cost for a FEM may be prohibitive, especially when there is little 
carryover from design to design[2]. 
Equivalent plate model (EPM) can overcome above FEM¶s shortcomings and it realizes a balanced 
treatment between accuracy and efficiency.  It believes that the wings¶ mechanism characteristic is similar 
to a plate when the relative thick is small, thus the wing can be represented by a plate. Giles at NASA 
Langley Research Center developed a Ritz-method-based approach basing on the classical plate theory 
(CPT), in which the internal structure of aircraft wing is represented in the polynomial power form[3]. 
Livne formulated the first shear deformation plate theory (FSDPT) to be used for typical wing box 
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structure[4]and make amounts of research on integrated structure/control/aerodynamic synthesis of actively 
controlled composite wings basing on EPM[5]. Kapania replaced simple polynomials with Chebyshev and 
Legendre polynomials as Ritz trial functions, which alleviated the numerical ill-conditioning problems[6]. 
Yang and Wu modeled variable wings using EPM based on a single plate and how to select the stiffness 
value of artificial springs is discussed in detail[7-8]. It has been demonstrated that EPM can improve the 
calculation speed at lower precision loss and it is benefit for quickly structure dynamics and aeroelasticity 
analysis in the early design stage of aircraft wing. 
But when wing configurations are complex, such as flying wings, large airplane wings with one winglet 
at every tip and T tails of aerotransports, the single plate cannot represent actual structure. These wings 
required that models should include multi zones and every zone use a plate to represent the wing segment 
and model the inner structure.  
Multi 2-D plates will be used to represent the 3-D wing configurations according to actual wing structure 
layouts. The penalty function technique will be used to impose displacement compatibility along sides of 
adjacent plates. The stiffness and mass matrix of the whole configuration are assembled using the equality of 
total stain energy and kinetic energy. The structural dynamics and flutter characteristics of a flying wing will be 
tested to verify the multi-plate model. 
2. Mathematical Model 
2.1.  Equivalent Plate Model  
The first-order shear deformation plate theory (Reissner-Mindlin theory) is adopted in the model here. 
The displacement equations under the assumption of FSDPT can be written as 
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A Ritz approximation method is used and five x , y dependent deformation fields 0u , 0v , 0w , xI , and yI are 
approximated by simple polynomial series. See references [7-8] for details on EPM. 
2.2. Modeling  utilizing multi plates 
Suppose that a wing configuration is comprised of two segments (Fig 1) and the inner segment is clamped at 
the root, thus two plates are adopted to model the configuration. A penalty function techniquE[9-10]via 
computational springs is used to impose displacement compatibility along common side of the two plates. 
A large stiffness coefficient represents very rigid connection while a smaller coefficient may represent 
more flexible connection. Linear springs may be used to enforce compatibility of linear displacements, and 
rotational springs may be used to enforce compatibility of slopes or angular displacements. 
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Fig 1  Joining of two plates for multi-plate modeling for arbitrary wing configuration 
2.2.1. Stiffness and Mass Matrixes of the Complete Wing 
After joining two plates, the total strain energy of the wing structure is given by  
1 1 1 2 2 2 1 1
1 1 1
2 2 2
T T T
JT BCU U   Q K Q Q K Q Q K Q  (2) 
The joint energy is given as 
1 2 1 2
1= ( ) ( )
2
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iR depends on Euler angles by which ith the local coordinate systems rotate about x, y and z axis to 
coincide with the global system and 1H and 2H are functions of  1 1,x y and  2 2,x y , respectively. 
The total strain energy of the wing can be written in terms of the generalized 
displacement vector for the whole system 
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When Eq. (7)and Eq. (2) are comparedˈthe following relationship can be found 
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The mass matrix of the complete wing structure is obtained in a similar way to that described earlier for 
the stiffness matrix. The mass matrix of the entire structure is 
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2.3. Structural Dynamics and Flutter Analysis 
The natural frequencies and modes of the multi-plate system are obtained by solving the eigenvalue 
problem 
 2Z  0K M x  (10) 
The classical flutter function is 
21
2
VU      Mq Kq Aq  (11) 
Equivalent plate model is a continuum model, so it can calculate precisely the displacement on any 
location of the wing and doesn¶t need spline technique. Thus the classical spline problem in aeroelasticity is 
avoided. 
3. Application 
A flying wing (Fig 2) has been examined. It has seven 
spars. The number of ribs is six and nine in the inner and 
outer segments, respectively. The web and skin thickness is 
1.5h10-3m. The area of rods of spars and ribs is 7.9h10-6m2. 
The airfoil is NACA 0012. The material parameters are 
given as follows: span=4.570m, span of inner 
segment=2.02m, root width=5.002m, tip width=1.538m, 
leading sweep angle=35degree, mass density =2700kg/m3, 
Young¶s modulus=70Gpa, Poisson¶s ratio=0.3. 
Fig 2 Generic flying wing 
3.1. Results 
A half model is calculated in the free vibration analysis and it is clamped at the root. The five lowest 
frequencies from the EPM and FEM are listed in Table 3 and Fig 3 compares the corresponding mode 
shapes. 
 
EPM 
FEM 
1st mode           2nd mode             3rd mode            4th mode          5th mode 
Fig 3 Mode shape for the flying wing 
As shown in Table 1 and Fig 3 results from EPM and FEM method have good agreement except the first 
frequency. 
414  Youxu Yang et al. / Procedia Engineering 31 (2012) 409 – 415
Flutter analysis is carried out using the two sets of modes and frequencies, respectively. ZONA7 panel 
method is adopted to calculate the unsteady aerodynamics. The flutter equation is solved using g-method. 
 
Table 1  Frequencies for the flying wing 
Method Frequency/Hz 
1st mode 2nd mode 3rd mode 4th mode 5th mode 
FEM 21.68 75.14 98.22 106.22 159.04 
EPM 23.26 74.66 96.42 111.93 156.95 
Error/% 7.29 -0.64 -1.83 5.38 -1.33 
Table 2 shows that the flutter speeds and frequencies from the two kinds of models. From that we can 
see that the flutter speed error is larger, but it is within the engineering tolerance range, especially the EPM 
is mainly used in early stage of aircraft design. 
Table 2  Flutter speeds and frequencies the for flying wing 
Method 1f / (m s )V
  f Hz/Z  
FEM 1088 47.62 
EPM 1028 45.80 
Error/% -5.51 -3.82 
3.2. Comparison of Computational efficiency  
The equivalent plate model of the flying wing adopts Ritz base functions whose order is five, so the total 
freedom of the model is 210. The finite element model contains 1176 freedoms.  The stiffness and mass 
matrixes of EPM are smaller and is convenient to matrix storage and computation. 
The preparation time of FEM is much larger than the EPM. This is the largest advantage of EPM relative 
to FEM. 
4. Conclusions 
Equivalent plate model basing on multi-plate can precisely predict the structural dynamics 
characteristics and flutter speeds and frequencies. Preparation time of the equivalent plate model is shorter 
and calculation cost is lower relative to the finite element model, so it provides an efficient structural 
dynamics and aeroelasticity analysis tool for complex wing configurations in early design stage. 
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